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Abstract. Suppose G is a connected, simple, real Lie group with R-rank(G) > 2, M is an ergodic G-space 
with invariant probability measure /z, and a: G x M — > Homeo(T) is a Borel cocycle. We use an argument of 
E. Ghys to show that there is a G-invariant probability measure v on the skew product M x a T, such that 
the projection of v to M is [i. Furthermore, if a(G x M) C Diff 1 (T), then v can be taken to be equivalent 
to \i x A, where A is Lebesgue measure on T; therefore, a is cohomologous to a cocycle with values in the 
isometry group of T. 



1. Introduction 

E. Ghys [Gh] recently proved that irreducible lattices in most semisimple Lie groups of higher 
real rank do not have any interesting differentiable actions on the circle T. 

Definition 1.1. A lattice T in a connected, semisimple, real Lie group G is irreducible if AT 
is dense in G, for every closed, connected, noncompact, normal subgroup A of G. 

Notation 1.2. We use Diff^T) to denote the group of C 1 diffeomorphisms of T, and Diff + (T) 
to denote the subgroup of orientation-preserving diffeomorphisms. 

Theorem 1.3 (Ghys [Gh, Thm. 1.1]). Let T be an irreducible lattice in a connected, semi- 
simple, real Lie group G, such that 

1) R-rankG > 2; and 

2) there is no continuous homomorphism from G onto PSL(2, R). 
Then every homomorphism from T to Diff 1 (T) has finite image. 

Remark 1.4- Under the additional assumption that H 2 (T; R) = (and in many other cases), 
the conclusion of the theorem was also proved by M. Burger and N. Monod [BM1, BM2, 
BM3], as a consequence of vanishing theorems for bounded cohomology. (The results of 
Burger and Monod also apply to the setting where R is replaced by other local fields; for 
example, T could be an S-arithmetic group (cf. 6.10 and 6.11).) For a more restricted class 
of lattices in real semisimple Lie groups, B. Farb and P. Shalen [FS] proved finiteness of the 
image of homomorphisms into the group DifF^M) of real analytic diffeomorphisms of some 
higher-dimensional manifolds. 
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In this paper, we extend Ghys' Theorem to the context of semisimple Lie group actions 
on circle bundles, or, more generally, Diff 1 (T)-valued Borel cocycles for ergodic actions of G. 
We first recall: 

Definition 1.5 ([Zi, Defns. 4.2.1 and 4.2.2, p. 65, and top of p. 75]). Suppose M is a Borel 
G-space with quasi-invariant measure //, and if is a topological group (such that the Borel 
structure on H is countably generated). 

• A Borel function a: G x M — > if is a Borel cocycle if, for all g,h G G, we have 
a(gh, m) = a(g, hm) a(h, m) for a.e. m G M. 

• Two Borel cocycles a,/3: G x M — > H are cohomologous if there is a Borel function 
0: M — > H, such that, for each g G G, we have f3(g,m) = (p(gm)^ 1 a(g,m)(f)(m), for 
a.e. m G M. 

• A Borel cocycle a: G x M — > if is strict if, for all g,h £ G, we have a(gh,m) = 
a(g, hm) a(h,m) for ever?/ m G M. For every Borel cocycle a: G x M — > if, there is a 
strict Borel cocycle a': G x M — > if, such that, for every g e G, we have a'(g,m) = 
a(g,m) for a.e. m G M [Zi, Thm. B.9, p. 200]. 

• If a: G x M ^ H is a strict Borel cocycle and 5 is a Borel if -space, the skew-product 
action M x a S is the Borel action of G on M x 5 defined by g ■ (m, s) = (gm, a(g,m)s). 

Recall that any smooth action on a circle bundle defines a Diff 1 (T)-valued cocycle on the 
base, and that the action on the bundle is measurably conjugate to the skew product action 
defined by this cocycle. Conversely, the skew product defined by any Diff 1 (T)-valued cocycle 
can be viewed as an action on a measurable circle bundle over the base. 

For M = G/T, cohomology classes of Borel cocycles a: G x M — > Diff X (T) are in bijective 
correspondence with conjugacy classes of homomorphisms a: T — > Difl ?1 (T) [Zi, Prop. 4.2.13, 
p. 70]. Then the conclusion of Ghys' Theorem asserts that a is cohomologous to a Borel 
cocycle whose image is a finite subgroup of Diff 1 (T). However, the following example shows 
that this conclusion is not valid for Borel cocycles for more general G-spaces; not even for 
Borel cocycles that arise from a G°°, volume-preserving action of G on a principal T-bundle 
over a compact manifold. 

Example 1.6. Let 

• ii" be a connected, semisimple Lie group; 

• T be a torsion-free, cocompact lattice in H; 

• T be a subgroup of H that is isomorphic to T; 

• G be a closed subgroup of H that centralizes T and acts ergodically on H/Y (see 2.11); 
and 



M = T\H/Y. 
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Because T is torsion free and cocompact, we know that M is a compact manifold. Because G 
centralizes T, the action of G by translation on H/T factors through to an action on M; we 
see that H/T is a principal T-bundle over M, and G acts on H/T by bundle automorphisms. 
Thus, there is a Borel cocycle a: GxM-*T, such that the action of G on H/T is isomorphic 
to the skew product M x a T. By assumption, the action of G on H/T is ergodic, so, if j3 is 
any cocycle cohomologous to a, then M Xp T must be ergodic. Therefore, the image of (3 
cannot be contained in any finite group of transformations of T. 

These examples show that there can be nontrivial cocycles into Isom(T), the isometry 
group of T. Our extension of Ghys' Theorem shows that if G has Kazhdan's property (T) 
(see 2.14), then every cocycle into Diff 1 (T) for a much more general G-action is cohomologous 
to one into Isom(T). (However, as far as we know, the homeomorphisms in the image 
of the map implementing the cohomology may not be differentiable, but only absolutely 
continuous.) In more geometric terms, this asserts that for G-actions on very general circle 
bundles, there is a measurable choice of metric on each fiber that is preserved by the action. 
I.e., the action on the bundle is an "isometric extension" of the base. 

Definition 1.7. Let G be a connected, semisimple Lie group, and let M be an ergodic G- 
space with quasi-invariant measure. We say that M is irreducible if every closed, connected, 
noncompact, normal subgroup of G is ergodic on M. 

Notation 1.8. Homeo Leb (T) denotes the group of all homeomorphisms <p of T, such that 0*A 
has the same null sets as A, where A is the Lebesgue measure on T. 

Theorem 5.4'. Let 

• G be a connected, real, semisimple Lie group, such that 

— G has Kazhdan's property (T), and 

- M-rankG > 2; 

• M be an irreducible ergodic G-space with finite invariant measure \i; and 

• a: G x M -> Diff 1 (T) be a Borel cocycle. 

Then, as a cocycle into Homeo Leb (T), a is cohomologous to a cocycle with values in Isom(T). 

Furthermore, ifa(g,m) is orientation preserving, for almost every (g,m) 6Gx M, then, 
as a cocycle into Homeo Leb (T) ; a is cohomologous to a cocycle with values in the rotation 
group Rot(T). 

It is an open question whether Ghys' Theorem 1.3 remains valid if Diff 1 (T) is replaced with 
the homeomorphism group Homeo(T). (Witte [Wi] showed that the answer is affirmative if 
T is an arithmetic lattice of Q-rank at least two.) However, Ghys (and, in most cases, also 
Burger and Monod) made the following major step toward an affirmative answer. 

Theorem 1.9 (Ghys, cf. [Gh, Thm. 3.1]). Let T be an irreducible lattice in a connected, 
semisimple, real Lie group G, such that 
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1) R-rankG > 2; and 

2) there is no continuous homomorphism from G onto PSL(2,R). 

Then every continuous action ofT onT has an invariant probability measure. 
In fact, every continuous action ofY onT has a finite orbit. 

Ghys obtained Theorem 1.3 by combining Theorem 1.9 with the Thurston Stability The- 
orem 5.1. (He also proved that if G does have a continuous homomorphism onto PSL(2, R), 
then any action of Y on T either preserves a probability measure or is semi-conjugate to a 
finite cover of the restriction of a G-action (cf. 6.13).) 

Theorem 5.1' (Thurston [Th]). SupposeT is a finitely generated group, such thatT /[T,T] 
is finite. If a: V — > Diff^.(T) is any homomorphism, such that cr(T) has a fixed point, then 
cr(r) is trivial. 

The following theorem is the natural generalization of Theorem 1.9 to the setting of 
ergodic G-actions. Although Ghys did not state this result, it can be proved by translating 
his proof in a straightforward way from the setting of homomorphisms of lattices to the 
setting of Borel cocycles for ergodic G-actions. In Section 4, we provide a proof that is based 
on Ghys' ideas, but is much shorter than a direct translation. 

Theorem 1.10. Let 

• G be a connected, semisimple, real Lie group, such that 

- R-rankG > 2, and 

— there is no continuous homomorphism from G onto PSL(2,R); 

• M be an irreducible ergodic G-space with invariant probability measure /i; and 

• a: G x M — > Homeo(T) be a strict Borel cocycle. 

Then there is a G -invariant probability measure v on M x a T, such that the projection of u 
to M is /i. 

We obtain Theorem 5.4 by combining Theorem 1.10 with the following generalization of 
Theorem 5.1. 

Definition 1.11. Let a: Gx M — > be a Borel cocycle, and let Y be an iJ-space. A function 
/: M — > Y is a-equivariant if, for each g e G, we have f{gm) = a(g,m)f(m) for almost 
every m G M. 

Theorem 5.3'. Let 

• G be a connected Lie group with Kazhdan's property (T) ; 

• M be an ergodic G-space with finite invariant measure /i; 
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• a: G x M — > Diff 1 (T) be a Borel cocycle; and 

• / : M — > T be an a-equivariant measurable map. (In bundle theoretic terms, f is a 
measurable G -invariant section.) 

Then, as a cocycle into Homeo Leb (T) ; a is cohomologous to the trivial cocycle. 

Theorems 5.4 and 1.10 can be generalized to allow G to be a ^-algebraic group (see 6.5), 
and there are also analogues for T- actions, where T is a lattice in G (see 6.3). Thus, as was 
already mentioned in Remark 1.4, Ghys' Theorem 1.3 can be generalized to allow T to be 
an S'-arithmetic group (see 6.11). 

The paper is organized as follows. Section 2 establishes notation, and recalls various results 
from measure theory, Lie theory, ergodic theory, and Kazhdan's property (T). Section 3 
constructs a pair of subgroups that play a crucial role in the proof of Theorem 1.10, which is 
presented in Section 4. Section 5 proves Theorems 5.3 and 5.4, our results on differentiable 
actions. Section 6 extends our main results to slightly different settings. 
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2. Preliminaries 

2A. Probability measures 

Notation 2.1. We use I to denote the unit interval [0, 1], and T to denote the unit circle. For 
<) Tor/: 

• A denotes the Lebesgue measure on Q; and 

• Prob(fi) denotes the space of probability measures on f2, with the weak* topology. 

Definition 2.2. Measures /ii and ji2 on a Borel space X are equivalent (or in the same measure 
class) if they have the same null sets. 

Lemma 2.3. Let a: G x M — > Homeo Leb (T) be a Borel cocycle. There is a G-invariant 
probability measure on M x a T that is equivalent to /i x A if and only if a is equivalent to a 
cocycle with values in Isom(T). 
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Proof. (<=) By assumption, there is a Borel cocycle (5: G x M — > Isom(T), and a Borel 
function 0: M — * Homeo Leb (T), such that, for each g G G, we have 

a(#,m) = (j)(gm)- 1 (3(g,m)(f)(m) 

for a.e. m G M. Let 

i/ = / (m x ^(m^A) dn(m) G Prob(M x T). 

Because <f>(m) G Homeo Leb (T), we know that 0(m)*A is equivalent to A, for every m G M, 
so i/ is equivalent to /x x A. Because A is invariant under Isom(T), it is easy to see that v is 
invariant under the action of G on M x a T. 

(=>■) Let z/ be a G-invariant probability measure on M x Q T that is equivalent to /i x A. 
We may write 

v= I (m x v m ) dfi(m), 
Jm 

where z/ m is a probability measure on T. Because v is equivalent to /i x A, we know that 
z/ m is equivalent to A, for a.e. m G M. Thus, for a.e. m G M, there exists <p(m) G 
Homeo Leb (T), such that v m = ^(m^X. Now define (3: GxM -> Homeo Lcb (T) by /3(^,m) = 
(f)(gm)a(g , m)0(m) _1 . Then /i x A is a G-invariant measure onMx^T, so we see, for each 
g £ G, that (3(g,m) preserves A, and hence is in Isom(T), for a.e. m G M. □ 

2B. Lie theory [Wa, Chap. 1] 

Let G be a connected, semisimple, real Lie group. 

Notation 2.4- We use lower-case gothic letters 0, f), p, q, etc. for the Lie algebras of Lie groups 
G, H, P, Q, etc. 

Definition 2.5. A subalgebra a of is a maximal split toral subalgebra of g if 

1) a is abelian; 

2) ad g a is diagonalizable over R, for every a G a; and 

3) a is maximal, with respect to (1) and (2). 

A maximal split torus of G is a closed, connected subgroup A of G, such that the Lie 
algebra a of A is a maximal split toral subalgebra of G. 

Definition 2.6. Let A be a maximal split torus of G. 

• For each linear functional a: a — > R, we let 

5a = {f G | (ad g a)(f) = a(a)t> for all a G a}. 

• A linear functional ct : a — > R is a rea/ root of g if a 7^ 0. 
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Definition 2. 7. A subalgebra p of q is parabolic if p®C contains a maximal solvable subalgebra 
of <g> C. 

A subgroup P of G is parabolic if 

• p is parabolic and 



Remark 2.8 ([Wa, Thm. 1.2.4.8, p. 75]). If P is any parabolic subgroup of G, then P con- 
tains a maximal split torus A of G. We have C G (A) C P and, for any real root a of 0, we 
have either g a C p or g_ a C p. 

Remark 2.9. A proper subgroup P of SL(2, R) is parabolic if and only if P is conjugate to 



Lemma 2.10. Let P be a parabolic subgroup of G, and let L be a closed, connected subgroup 
of G that is locally isomorphic to SL(2,R). If p n I is a parabolic subalgebra of I, then Pfl L 
is a parabolic subgroup of L. 

Proof. Because p n i is a parabolic subalgebra of I, there is a parabolic subgroup Q of L, 
such that Q° = (P fl L)°. We wish to show that Q C P. By definition, P is the normalizer 
of p, so it suffices to show that every subalgebra of q normalized by Q° is also normalized 



Because SL(2, R) is simply connected as an algebraic group, the adjoint representation of L 
on g must factor through either SL(2,R) or PSL(2,R). Then, because parabolic subgroups 
of SL(2,R) are Zariski connected, we conclude that every subalgebra of q normalized by Q° 



2C. Ergodic actions 

Theorem 2.11 ("Moore Ergodicity Theorem," cf. [Zi, Thm. 2.2.15, p. 21]). Let 

• G be a connected, semisimple, real Lie group; 

• M be an irreducible, ergodic G-space with finite invariant measure; and 

• H be a closed subgroup of G, such that Kd G H is not precompact. 



• P = N G (p). 




hyQ. 



is also normalized by Q, as desired. 



□ 



Then 



1) the action of H on M is ergodic; and 



2) the diagonal action of G on (G/H) x M is ergodic. 
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Corollary 2.12. Let M be an irreducible, ergodic G-space with finite invariant measure, 
and let P be a minimal parabolic subgroup of G. Then the diagonal action of G on (G/P) x 
(G/P) x M is ergodic. 

Definition 2.13. An action of G on a space X is triply transitive if G is transitive on the set 
of ordered triples of distinct points of X. 

We note that if G acts triply transitively on X, then X has no nontrivial, proper G- 
equivariant quotients. (In particular, every G-equivariant quotient of X is triply transitive.) 
Namely, if there are two distinct points in the same fiber of a quotient map, then, by double 
transitivity, G can move them to two points in different fibers. This is impossible if the 
quotient map is G-equivariant. 

2D. Kazhdan's property (T) 

Definition 2.14 (Kazhdan, cf. [Ma, Prop. 111.2.8(A), p. 116]). A locally compact group G 
has Kazhdan's property (T) if, for every unitary representation p of G on a Hilbert space V, 
there is a compact subset C of G, such that, for every e > there exists 5 = 5(e) > 0, such 
that if v e V is any vector with the property that 

\\p(g)v — v\\ < S\\v\\ for every g e C, 

then there is a p(G)-invariant vector w G V, such that ||w|| = \\v || and \\w — v\\ < e\\v\\. 

The following well-known theorem describes exactly which connected, semisimple, real Lie 
groups have Kazhdan's property (T). We note, in particular, that SL(2,R) does not have 
Kazhdan's property (T). 

Theorem 2.15 (Kazhdan, Kostant, Serre, Wang). Let G be a connected semisimple real 
Lie group. 

1) Assume G is simple. Then G has Kazhdan's property (T) if and only if either 

• M-rank(G) > 2 or 

• G is compact, or 

• G is locally isomorphic to either Sp(l,n) or the real-rank one form 0/F4. 

2) G has Kazhdan's property (T) if and only if each simple factor of G has Kazhdan's 
property (T). 

3) G has Kazhdan's property (T) if and only if G/Z(G) has Kazhdan's property (T). 

Proof. For (1), see [Ma, Thm. 111.5.6(c), p. 131]. For (2<=), see [Ma, Cor. III.2.10, p. 117]. 
For (2=>- and 3=^), see [Ma, Lem. III.2.4, p. 115]. For (3^), see [HV, Thm. 2.12, p. 28]. □ 

In the proof of our generalization of the Thurston Stability Theorem 5.3, the following 
lemma is used to construct vectors v as in Definition 2.14. 
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Lemma 2.16 (cf. [Zi, 2nd par. of pf. of Thm. 9.1.1, p. 163]). Let a: GxM -> Diff 1 ^) be 

a Borel cocycle. For each g e G, assume that for almost every m e M, we have a(g, m)(0) = 
and a(gr,m)'(0) = 1. TTien, /or even/ compact subset C of G, and every e > 0, there is a 
nontrivial interval I' containing 0, such that, for every g e C, we have 

fi { m e M | Vs G I', \a(g, m)'(s) — l|<e}>l — e. 



3. A crucial lemma 

Ghys' proof of Theorem 1.3 is based on the existence certain subgroups P and L of G, such 
that P C L, and the action of L on L/P is triply transitive. (Then this is contrasted with the 
fact that the group of orientation-preserving homeomorphisms of T is not triply transitive 
on T.) Ghys describes P and L quite explicitly, in geometric terms, but this depends on a 
case-by-case study that uses the classification of semisimple Lie groups. By giving a uniform 
construction, the following lemma allows us to avoid case-by-case analysis (or, at least, to 
condense it into this one lemma). 

Lemma 3.1. Let 

• H be a connected, noncompact, almost simple, real Lie group; 

• P be a minimal parabolic subgroup of H ; and 

• A be a maximal split torus of H contained in P. 

If H is not locally isomorphic to SL(2,R), then there is a connected Lie subgroup L of H, 
such that: 

1) L<t P; 

2) ofl [l, [] is nontrivial; 

3) C a (l) has codimension one in a; and 

4) LNp(L) is triply transitive on LNp(L)/Np(L). 

Proof. Let us begin by making our goal more specific. 

Claim. It suffices to find a connected, closed subgroup L of H , a real root a of H , and an 
element g of H , such that: 

a) L is locally isomorphic to SL(2,M); 

b) i= (f) a m,f)_ Q n[); 

c) g e Ch(A); and 



d) g normalizes L, and acts on L by an outer automorphism. 
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Proof of Claim. (1) Because P is minimal parabolic, we know that Pj RadP is compact, 
so P does not contain L (or any other noncompact, semisimple subgroup). 

(2) By definition, [I, [] contains the nontrivial subalgebra [f) a fl 1, h_ Q fl 1] of a. 

(3) Because ker(o;) centralizes I, we know that C a (() has codimension one in o. 

(4) Because P is parabolic and contains A, we know that p contains either f) Q or f)_ Q 
(see 2.8). Thus, p fl I is a parabolic subalgebra of I (see 2.9). Then Lemma 2.10 implies that 
P fl L is parabolic in L. Thus, we may identify L/(P fl L) with MP 1 as T, so there is an 
L-invariant circular order on L/{PC\ L), and L has only two orbits on the ordered triples of 
distinct points in Lj (PnL): the positively oriented triples and the negatively oriented triples. 
Modulo inner automorphisms, there is only one outer automorphism of L, so it is easy to 
verify that any outer automorphism of L that fixes PnL must take each positively oriented 
triple to a negatively oriented triple. Thus, because g G Cg(A) C P (see 2.8), we see from (d) 
that all ordered triples of distinct points in L/(P fl L) are in the same (L iVp(L)) -orbit. 

This completes the proof of the claim. 



We now consider two cases, based on the real rank of H. 

Case 1. Assume R-rankiJ = 1. From the classification of simple Lie groups of real rank one 
(cf. [He, Table X.V, p. 518]) (and the fact that H is not locally isomorphic to PSL(2,M) = 
SO(l,2)), we know that H must contain a subgroup locally isomorphic to either SO(l,3) 
(if H is locally isomorphic to SO(l,n)) or SU(1,2) (if H is locally isomorphic to SU(l,n), 
Sp(l, n), or the rank one form of F4). Then the proof is completed by explicitly constructing 
L and g for SO(l, 3) and SU(1, 2). 

Subcase 1.1. Assume H is locally isomorphic to SO(l, 3). We may assume that H = SL(2, C), 
that A consists of diagonal matrices, and that P is the group of upper triangular matrices. 
The matrix (g °J acts by an outer automorphism of SL(2, R). 

Subcase 1.2. Assume H = SU(1, 2). We use the Hermitian form (x\y) = x\y^ + x 2 I/2 + ^3^1- 
We may assume that A consists of diagonal matrices, and that P is the group of upper 
triangular matrices in H. Let 

f (a t \ ] f-1 \ 

[ = 1 \ s 1 -t\ a, s, t e R > and g = 1 . 
[ \0 -s -a) J \ -1/ 



Case 2. Assume M-rankiJ > 1. It is well known (see, for example, [Ma, Prop. 1.1.6.2, p. 46]) 
that H contains a closed, connected subgroup that is locally isomorphic to either SL(3, R) 
or Sp(4, M). Therefore, by passing to a subgroup, and then passing to a locally isomorphic 
group, we may assume that H is either SL(3, R) or Sp(4, M). 

Subcase 2.1. Assume H = SL(3, R). We may assume that A consists of diagonal matrices, 
and that P is the group of upper triangular matrices. Let 

T _ /SL(2,R) 
L ~ \ 1 

The matrix g — ^ -1 o^j acts by an outer automorphism of L, and centralizes A. 
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Subcase 2.2. Assume H = Sp(4, R). We use the symplectic form denned by 

((x 1 ,x 2 )\(yi,y 2 )} =x 1 -y 2 -x 2 - y u 
for Xi,yi G R 2 , and we may assume that A consists of diagonal matrices. Let 



L = 



R 
9{R) 



R e sl(2,: 



/ 1 \ 

where 9 is the Cartan involution (transpose- inverse). The matrix <? = ( o V ? o ) acts ^y 

V o o o -1 / 

an outer automorphism of L, and centralizes A. □ 

Remark 3.2. By using more theory, one can give a more conceptual proof of Lemma 3.1, 
without using the classification of real simple Lie algebras. 

Case 1. Assume R-rankiJ = 1. Write P° = CAU, where C is a compact, connected subgroup 
of C H (A) and U is the unipotent radical of P. Let a be the simple real root of H, and 
assume without loss of generality that t) a C u. Because the compact, connected group C 
acts nontrivially on f) a , there is some g G C and u G f) Q , such that Ad g(u) = —u. From the 
Jacobson-Morosov Theorem, we know that u is contained in a subalgebra 1 that is isomorphic 
to sl(2,R). 

Since R-rankiJ = 1, we know that N^iu)) C p, so p fl 1 contains a maximal split torus 
of [. Thus, because all maximal split toral subalgebras of p are conjugate, there is some 
v G U, such that (Adv)(a) is a maximal split toral subalgebra of [ that normalizes (u). Then 
a normalizes (Adt> _1 )(w), so (Adv'^u G f) a . Because u is also in and [u, u] fl f) a = 0, we 
conclude that (Adt> = u. Thus, replacing [ by (Adt> we may assume that a C I 

Then g normalizes the parabolic subalgebra a + (u) of [, so it must normalize I. Also, we 
know that g acts on [ by an outer automorphism, because g conjugates u to — u, whereas no 
nontrivial unipotent element is conjugate to its inverse in SL(2,R). 

Case 2. Assume R-rankif > 1. For simplicity, let us assume that H is R-split. Choose two 
roots a and f3, such that the /3-string through a has odd length, let [ = (f) a , f)- a ), let Lp 
be the connected Lie subgroup of H corresponding to the subalgebra (f)^, f)-/?), and let V 
be the Lg-submodule of f) generated by h Q . Then, identifying Lp with SL(2,R), the highest 

weight of V is odd, so g — ( ^ ^ J acts as —1 on the highest weight space f) Q . □ 



4. Proof of Theorem 1.10 

The reader is encouraged to read Ghys' beautiful proof [Gh, §4] for the case of lattices in 
SL(3, R) before looking at the general case considered here. Many of the ideas of this section 
can be found in [Gh], but we have reorganized them, and changed some of the emphasis. 
Ghys' proof is presented in geometric terms, but we have reformulated the argument in 
group-theoretic terms. 

Notation 4-1- 
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• G, M, and a are always assumed to be as described in the statement of Theorem 1.10. 
(In particular, G has no factors locally isomorphic to SL(2,R).) 

• P is a minimal parabolic subgroup of G. 

• For any natural number k, T k denotes the collection of all /c-element subsets of T. 



Lemma 4.2. We may assume a: G x M — > Homeo + (T). 



Proof. Let sgn: Homeo(T) — > {±1} be the homomorphism with kernel Homeo + (T), and 
let e = sgnoa, so e: G x M — * {±1} is a Borel cocycle. 

Let M + = M x £ {±1}. Because M + is a two-point extension of M and M is irreducible, 
it is clear that each closed, connected, noncompact, normal subgroup of G has no more than 
two ergodic components on M + . We may assume that G is ergodic on M + , for, otherwise, e 
is equivalent to the trivial cocycle, so a is equivalent to a cocycle into Homeo + (T), as desired. 
Then G must act ergodically on the space of ergodic components of any normal subgroup. 
Because G, being connected, has no nontrivial action on any finite set, we conclude that M + 
is irreducible. 

Define a + : G x M + — > Homeo(T) by a + [g, (m, ±1)) = a(g,m). If there is a G-invariant 
probability measure v + on M + x a + T, such that v + projects to /i + on M + , then simply let 
v be the projection of i/ + to M x a T. 

Now let / be any orientation-reversing homeomorphism of T, and define a: M + — > 
Homeo(T) by 

'id ife = l 
/ ife = -l 



a(m, e) = 



For any m + G M + , we have a(gm + )a + (g, m + )a(m + ) 1 G Homeo + (T), so we see that a + is 
cohomologous (via a) to a cocycle with values in Homeo + (T). □ 

Henceforth, we assume ct(G x M) C Homeo + (T). 

It suffices to show that there is an a-equivariant Borel map ip : M — > Prob(T), for then we 
may set z/ = J M (m x ip(' m )) dfj,(m). The action of G on (G/P)xM is amenable (because P is 
amenable) [Zi, 4.1.7bis, 4.3.2, 4.3.4], and the space of measurable functions from (G/P) x M 
to Prob(T) is an affine G-space over (G/P) x M [Zi, Defn 4.3.1]. Thus, from the definition 
of an amenable action [Zi, Defn 4.3.1], we know that there is an a-equivariant Borel map 
$:(G/F)xI^ Prob(T) (cf. [Zi, pf. of Step 1 of Thm. 5.2.5, bot. of p. 103]). The following 
theorem completes the proof of Theorem 1.10. 



Theorem 4.3. Suppose \1>: (G/P) x M — > Prob(T) is an a-equivariant Borel map. For 
each me M, define G/P -> Prob(T) by V m (x) = *(x,m). 
Then ^ m is essentially constant, for a.e. m G M. 



Proof. If almost every ^f(x, m) is atomless, the desired conclusion is given by Theorem 4.4 
below. If there is some k, such that almost every m) consists of k atoms of equal weight, 
the desired conclusion is given by Corollary 4.6 below. Because G is ergodic on (G/P) x M 
(see 2.11), it is not difficult to reduce the problem to these two cases. 
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Namely, any v G Prob(T) has a unique decomposition of the form v — u + V\, where u 
has no atoms, and v\ consists entirely of atoms. (Either of the terms in the decomposition 
may be 0.) Thus, we may write \l/ = \l/o + ^1, where ^i(x,m) = [&(x, m)]j. Because the 
decomposition v = + is Homeo(T)-equivariant (and unique), we see that \l/o and \&i are 
a-equivariant. Then, because G is ergodic on (G/P) x M, we see, for i — 0,1, that either 
= for a.e. (x,m) or \Pj ^ for a.e. (x, m). Thus, either = a.e. (in which case 
^ = ^i-i), or, after renormalizing, defines an a-equivariant Borel map into Prob(T). 
Then, because the sum of a-equivariant functions is a-equivariant, there is no harm in 
assuming that either \I/ = \I/o or \I/ = ^i. 

If ^ = \l>o, then Theorem 4.4 shows that \I/ m is essentially constant. 

Thus, we henceforth assume that ^ = ^i. For any v G Prob(T) that consists entirely of 
atoms, and any rational number q G (0, 1), let u >q C T be the set of atoms of weight > q. 
Because this definition is Homeo(T)-equivariant, and G is ergodic on (G/P) x M, we see 
that the cardinality of ty >q is constant a.e., so ^ >q is an a-equivariant Borel map into 1*., 
for some k. Then Corollary 4.6 asserts that is essentially constant. Because this is true 
for all rational q, we conclude that ty m itself is essentially constant, as desired. □ 

Theorem 4.4. Suppose (G/P) x M — > Prob(T) is an a-equivariant Borel map. For 
each me M, define G/P -> Prob(T) by V m (x) = V(x,m). 

If ^/(x,m) is atomless, for almost every (x,m) G (G/P) x M, then ty m is essentially 
constant, for a.e. m G M. 

Proof. Let Probo(T) be the set of atomless probability measures on T. Define 
^ 2 : (G/P) 2 x M -> Probo(T) 2 by ^ 2 (x 1 ,x 2 ,m) = (^(x 1 ,m),^(x 2 ,m)) 

and 

D: Prob (T) 2 -> [0, 1] by D(^,fi 2 ) = sup^J) - // 2 (J)|, 

where J ranges over all subintervals of T. It suffices to show that the composite function 
Dom 2 : (G/P) 2 x M -> [0, 1] is a.e. 

S'tep 1. D is continuous. Given (J,i, /i 2 G Prob (T). Because /ii and \i 2 are atomless, there is 
a mesh £o,£i, • • • ,tn — to of points in T, such that (J>k([ti,U+i\) < e /40, for each % and for 
h — 1, 2. Also, for each i, j G {0, . . . , n}, there are continuous functions f£, f~j\ T — > [0, 1], 
such that supp/^ C (ti,tj), f£([ti,tj]) = 1, and fi k (f^ - < e/40 for fc = 1,2. If v k is a 
measure so close to that \vk(fij) ~ ^k{ftj)\ < e/40 for all i, j G {0, . . . , n} and e G {+, — }, 
then 

Vk([ti,tj]) — A*fc([*i,*j]) 

for alii and j. Therefore |z/ fc (J)— /ifc(J)| < e/2 for every interval J, so |-D(^i, 1*2) — D(fJ>i, aOI < 
e. This proves the continuity of D. 

.Step D o \[/ 2 essentially constant. Because \I/ 2 is a-equivariant and D is Homeo(T)- 
invariant, we know that Do^j 2 is essentially G-invariant. The Moore Ergodicity Theorem 2.12 
implies that G is ergodic on (G/P) 2 x M, so we conclude that D o \1> 2 is essentially constant. 

Step 3. We have flo$ 2 = a.e. From Lusin's Theorem, we know that \I/ is continuous 
on some compact subset C of positive measure in G/P. Therefore, D o ^ 2 is continuous 
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on G x C. By replacing G with a smaller compact set, we may assume that every conull 
subset of C is dense. Then, because D o \1> 2 is essentially constant, we conclude that Do$ 2 
is constant on G x C. Obviously, D o ^ 2 is on the diagonal {(c, c)}, so we conclude that 
D o ^ 2 is a.e. □ 



Theorem 4.5. Suppose \P: (G/P) x M ^ Tk is an a-equivariant Borel map. For each 
meM, define ^' m . G —>Y k by V'Jg) = V(gP,m). 

Suppose L is a closed, connected subgroup of G, such that 

1) Cp(L) is not compact; and 

2) LNp(L) acts triply transitively on L Np(L)/Np(L). 

Then *ff' m is essentially right L-invariant, for a.e. m G M. {That is, for each I G L, we have 
*m(»0=*m(ff) f° r a.e.geG.) 

Proof. Because ^f' m is right P-invariant, we may assume that L <£ P. 

The inclusion N P {L) L N P {L) induces a G-equivariant smooth submersion 



Define 
and 



tt: G/N P (L) -> G/(LN P (L)). 

X={(X 1 ,X 2 ,X 3 ) G (G/iVp(L)) 3 | TT^i) = 7T(X 2 ) = 7T(X 3 ) } 

X = { (xi, #2, ^3) G X I ii, X2, £3 distinct }. 



Then X is a closed submanifold of (G/Xp(L)) 3 , and X is conull open subset of X (with 
respect to any smooth measure on X). For i — 1, 2, 3, let 7Tj : X — > G/P be the G-equivariant 
map defined by 7ri(a;i, x 2 , x 3 ) = XjP. 

Because G is transitive on G/N P (L), any G-orbit on X contains a point (x 1 ,x 2 ,x 3 ), such 
that #1 = Np(L). Then £1,2:2, 2^3 are three points in L Np(L)/Np(L). Thus, assumption (2) 
implies that G is transitive on X. In particular, this implies that the class x °f Lebesgue 
measure is the unique a-finite G-invariant measure class on X. For % = 1,2, 3, the projection 
(iii)*X must be the G-invariant measure class on G/P. Thus, we have an essentially well- 
defined Borel map $ 3 : X x M-> (!fc) 3 given by 

^ 3 (x,m) = (^(n 1 (x),m),^(n 2 (x),m),^(Tr 3 (x),m)y 

Note that \1/ 3 is a-equivariant. 

The stabilizer of a triple of points in L N P (L)/N P (L) obviously contains Cp(L), which, 
by (1), is not compact. Thus, we conclude from the Moore Ergodicity Theorem 2.11 that G 
is ergodic on X x M. This implies that there is a single Homeo(T)-orbit O on (T^.) 3 , such 
that ^ 3 (x, m) G O for a.e. (x,m). For any permutation a of {1,2,3}, and any (xi,X2,x 3 ) G 
X, we know that (x a ^, x a ( 2 ), aV(3)) & l so belongs to X. Therefore, Lemma 4.7 implies that 
= {(A,A,A)\AeTk}. 

The map G x L? — > X given by /, /') (gN P (L), glN P (L), gl'N P (L)) is a submersion, 
so it preserves the class of Lebesgue measure. Thus, from the conclusion of the preceding 
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paragraph, we see that, for almost every m G M, g G G, and /, /' G L, we have ^' m {g) = 
^m(#0 = ^'midl')- From Fubini's Theorem (and ignoring /'), we conclude, for a.e. m G M, 
that ^ is essentially right L-invariant. □ 

Corollary 4.6. Suppose \& : (G/P) x M — > an a-equivariant Borel map. For each 

me M, define G/P ->• T fc 6y * m (x) = *(x,to). 
T/ien \l/ m is essentially constant, for a.e. m G M. 

Proof. Let P = MAN be the Langlands decomposition of P [Wa, p. 81]. (Because the 
parabolic subgroup P is minimal, we know that A is a maximal split torus of G.) 

It suffices to show, for each simple factor H of G, that there are subgroups L 1 , L 2 , . . . ,L n 
of H, such that 

a) each subgroup Lj satisfies the hypotheses of Theorem 4.5, and 

b) {[Li, Li] n A} generates A n P\ 

To see that this suffices, let J be the subgroup generated by {P n H} U {L 1 , L 2 , . . . , L n }. 
Then Theorem 4.5 implies that is essentially right J-invariant. Because J D P fl H, we 
know that J is parabolic in H; let J = MjAjNj be the Langlands decomposition of J, with 
AjCiniJ. Then [J°, J°] C MjA^j, so [J°, J°] nij = e. On the other hand, we have 
(A fl H)° C [J°, J°] (see (b)). We conclude that is trivial, so 

J 3 MjAj = C H (Aj) = C H (e) = H. 

Therefore ty' m is essentially right i/-invariant. Because this is true for every simple factor H, 
we conclude that is essentially right G-invariant, so is essentially constant, for 
a.e. m G M. 

If R-rankiJ = 1, then Lemma 3.1 provides an appropriate subgroup L satisfying (a) 
and (b). (Because L is centralized by all the simple factors other than H, the requirement 
that Cp(L) be noncompact is automatically satisfied.) 

We may now assume that R-rankPT > 1. Let L be as in Lemma 3.1, and let W be 
the relative Weyl group of f) (with respect to a D fj). Because [I, I] fl a is nontrivial and W 
acts irreducibly on a, we know that { w ([[,[] fl a) | w G W } spans a, so { w(L) \ w G W } 
satisfies (b). Because C a (w(l)) has codimension one in a (and, being a subspace of a, is 
contained in p), we know that Cp(L) is noncompact. Thus, we see that each w(L) satisfies 
the hypotheses of Theorem 4.5. □ 

The following result was used in the proof of Theorem 4.5. For completeness, we include 
the proof. We also remark that, as explained by Ghys [Gh, Step 3 of §4, bot. of p. 210], the 
group Homeo + (T) has only finitely many orbits on (T k ) 3 . 

Lemma 4.7 (Ghys). Let O be an orbit o/Homeo + (T) on (T^) 3 , and assume there is an 
element (Ai, A 2 , A 3 ) of O, such that (Ar(i), Ar(2), Ar(3)) £ O, for every permutation a of 
{1, 2, 3}. Then O = { {A, A, A) \A G T k }. 

Proof [Gh, bot. of p. 211]. Let B = A x U A 2 U A 3 , and let H = { h G Homeo + (T) | 
h(B) = B}. For each permutation a of {1,2,3}, there is an orientation-preserving homeo- 
morphism h a (not unique) of T, such that h a {Aj) = A a ^y Then h a G H, and the restriction 



16 



of H to B is a cyclic group, so the commutator of any two of these homeomorphisms acts triv- 
ially on B. Because the permutation a — (1, 2, 3) is a commutator in the symmetric group £3, 
we conclude that ^(1,2,3) acts trivially on B. Because fyi.,2,3) (Al) — ^2 and ^(1,2,3) (^-2) = A3, 
this implies A\ = A 2 = A3. □ 



5. The Reeb-Thurston Stability Theorem 

Ghys' proof of Theorem 1.3 relies on the following one-dimensional case of the Reeb-Thurston 
Stability Theorem [Th]. (See [RS] and [Sc] for elegant proofs.) 

Theorem 5.1 (Thurston [Th]). If Y is a finitely generated group, such that Y/[Y,Y] is 
finite, then there is no nontrivial homomorphism Y — >■ Diff^(J). 

For the proof of Theorem 5.4, we provide the following generalization in the setting of 
Borel cocycles. Applying this result to G/Y recovers Thurston's theorem in the special case 
where T is a lattice in G, and G has Kazhdan's property (T) (see 2.14). 

Theorem 5.2. Let 

• G be a locally compact group with Kazhdan's property (T); 

• M be a Borel G-space with invariant probability measure ji; and 

• a: G x M — > Diff^(J) be a Borel cocycle. 

Then there is a G -invariant probability measure v on M x a I , such that v is equivalent to 
/i x A (and v projects to jj, on M). 

Therefore, as a cocycle into Homeo^ eb (/) ; a is cohomologous to the trivial cocycle. 

Before proving Theorem 5.2, let us explain how it implies Theorem 5.4. 

Corollary 5.3. Let 

• G be a locally compact group with Kazhdan's property (T); 

• M be a Borel G-space with finite invariant measure /i; 

• a: G x M — > Diff^(T) be a Borel cocycle; and 

• / : M T be an a-equivariant measurable map. 

Then there is a G -invariant probability measure v on M x a T, such that v is equivalent to 
fi x A. 

Therefore, as a cocycle into Homeo^ eb (T) ; a is cohomologous to the trivial cocycle. 

Proof. Cutting T open at the point f(m) yields an interval I m , so we may define a cocycle 
a: Gx M ^ Diff+(/). Then Theorem 5.2 applies. □ 
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Theorem 5.4. Let 

• G be a connected, semisimple, real Lie group, such that 

— G has Kazhdan's property (T), and 

- M-rankG > 2; 

• M be an irreducible ergodic G-space with finite invariant measure p; and 

• a: G x M -> Diffj_(T) be a Borel cocycle. 

Then there is a G-invariant probability measure v on M x a T, such that v is equivalent to 
p x A. 

Therefore, as a cocycle into Homeo+ eb (T) ; a is cohomologous to a cocycle with values in 
the rotation group Rot(T). 

Proof. Because G has Kazhdan's property (T), we know that G has no factors locally 
isomorphic to SL(2, R) (see 2.15). Therefore, Theorem 1.10 implies that there is a G-invariant 
probability measure a on M x a T, such that a projects to p on M. 

Define a cocycle (3: Gx(MxJ) -> Diff^(T) by /3(g,m,s) = a(g,m). The map /: M x a 
T — > T defined by /(m, s) = s is /3-equivariant, so we know, from Corollary 5.3, that there 
is a G-invariant probability measure v on (M x Q T) x^ T, such that v is equivalent to a x A. 

Let i/ be the image of v under the projection (m,s,t) i— > (m,t). Because z> is equivalent 
to er x A, and cr projects to ji on M, we see that v is equivalent to // x A, as desired. □ 

To motivate the proof of Theorem 5.2, let us sketch the analogous proof of Theorem 5.1, 
under the assumption that T has Kazhdan's property (T). (It is well known that, because V 
is discrete, Kazhdan's property (T) implies both that T is finitely generated [Zi, Thm. 7.1.5, 
p. 131] and that r/[r,T] is finite [Zi, Cor. 7.1.7, p. 131].) 

Proof of Theorem 5.1 when T has Kazhdan's property (T). It suffices to show that the 
set of fixed points of T is dense in J. Suppose not. Then, replacing / by the closure of a 
component of the complement of the fixed-point set, we may assume that there are no fixed 
points in the interior of /. 

We have a unitary representation p of T on L 2 (L) given by 

(p(7)/)W = [7 , W] 1/2 /(7- 1 t). 

Let e = 1/2, and let G C T and 5 > be as in Definition 2.14. Because T/[r, T] is finite, 
the homomorphism T — > M + : 7 1— > 7'(0) must be trivial. Thus, 7'(0) = 1, for every 7 e T. 
Therefore, there is a nontrivial interval V containing 0, such that Yi'it) — 1| < 5 2 /4, for every 
7 G G and every t G I'. Let x be the characteristic function of I'. Then ||p(7)/ — /|| < 
for every 7 G G, so we conclude from the choice of C and 5 that there is some nonzero 
p(r)-invariant function <f> in L 2 (L). Then |0| 2 dA is a T-invariant measure on J, so every point 
in the support of this measure is fixed by T. This contradicts the assumption that T has no 
fixed points in the interior of /. □ 
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Our proof of Theorem 5.2 is a fairly straightforward translation of this argument to the 
setting of cocycles for Borel actions, except that it is not convenient to use a topological 
argument in this setting. Therefore, instead of obtaining a contradiction by finding a fixed 
point that does not belong to the closure of the fixed-point set, we find a set of fixed points 
whose measure is greater than the measure of the set of fixed points. 

Proof of Theorem 5.2. By passing to ergodic components, we may assume that G is 
ergodic on M. 

The map G x M — > R + defined by (g,m) i— > a(g,m)'(0) is a cocycle. Because G has 
Kazhdan's property (T), and M + is amenable and has no compact subgroups, the cocycle 
must be cohomologous to the trivial cocycle [Zi, Thm. 9.1.1, p. 162], so, by replacing a with 
an equivalent cocycle, we may assume, for each g G G, that a(g,m)'(0) = 1 for a.e. m G M. 

Because /x is G-invariant, we have 

/ ip d(fx x A) = / ip{g{m, s)) a(g,m)'(s) d(p x A)(ra, s) 

JMXal JMX a I 

for any g E G and -ip G L 1 (M x a I). Therefore, a unitary representation p of G on L 2 (M x a I) 
is given by 

(p(g)(f))(m,s) = (p{g- l {m,s)) [a{g~ l ,m)'(s)) 

for g G G, G L 2 (M x a /), and (m, s) G M x a 7. 
Fix a compact subset C of G, as in Definition 2.14. 

• Fix some e\ G (0, 1), and let 5± = 5(ei) > be the corresponding 5- value given by 
Definition 2.14. 

• Choose e 2 > small enough that 9e 2 < 8\, and let 5 2 = <5(e 2 ) > be the corresponding 
5- value given by Definition 2.14. 

• Choose e 3 > small enough that 13e 3 < b\. 

We may assume that 1 > e\ > 5\ > e 2 > 82 > £3 > 0. 

Lemma 2.16 tells us that there is a nontrivial interval I' containing 0, such that, for every 
g G C, we have 

/i({m EM\VsE 21', \a(g~\m)\s) - 1| < e 3 }) > 1 - e 3 . (5.5) 

Let T be the space of all p(G)-invariant functions in L 2 (M x a I), and choose G J 7 , such 
that (jux A) (0 _1 (O)) is minimal. The minimum exists, because any convex combination of (the 
absolute values of) countably many p(G)-invariant functions is p(G)-invariant. Furthermore, 

for every i[) G we have -0 = a.e. on 0~ 1 (O). (5.6) 

Because <fi is p(G)-invariant, we know that v = \<p\ 2 ■ (fi x A) is a G-invariant measure on 
M x a I. (A priori, <fi could be identically 0, so this measure could be trivial.) To complete 
the proof, we will show that this measure is equivalent to \x x A; that is, we will show that 
(pL x A)(0~ 1 (O)) = 0. (Then v projects to /i on M. Indeed, because G is ergodic on (M, //), 
we know that any G-invariant probability measure onMxJ that is equivalent to /i x A 
must project to ji on M.) 
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Notation 5. 7. For each m G M, let \ m be the Lebesgue measure on the interval mxl. Thus, 
\ m {E) = \ m (En(mxI)) for every Borel subset E of /, and we have pi x A = j M \ n dfi(m). 

Assume that (/i x A) (0)) ^ 0. (This will lead to a contradiction.) Because fj, is ergodic 
and 0~ 1 (O) is G-invariant, we must have A m (0 _1 (O)) 7^ 0, for a.e. m G M. By discarding a 
set of measure 0, we may assume A m (0~ 1 (O)) 7^ for every m G M. Then we may define 
f'M -/l-.v 

/(m) = maxjt G J A m ^ 1 (0) n (m x [0,t])) = o| . 
Replacing M x a I with the invariant subset 

{(m, S )GMx a /|/(m)<s<l}, 

we may assume that 

/ is identically 0. (5.8) 

Step 1. There is some 5o > 0, such that jj, j m G M f mxI , \<fi\ 2 d\ m < 5o j < e 2 . (To avoid 

confusion, we emphasize that the integral is over mxl', not the entire interval mxl.) Let x be 
the characteristic function of Mxl'. We will show, for every g G C, that ||p(<?)x — xll < ^Hxll 
(see Claim 1.1 below). From the definition of 5 2 , this implies that there is some ip G J 7 , such 
that H^ll = ||x|| and ||x — ^11 < e 2||x||- Therefore, 

/i{ m G M I ^ = a.e. on m x I' } < e\ < e 2 . 

From (5.5), we conclude that the same inequality is true with in the place of tp. In other 
words, we have 



\<f*\ 2 d\ r 



mxl' 



} < e 2 . 



// I m G M 

Thus, the desired conclusion is obtained by taking 5q sufficiently small. 
Claim 1.1. For each g G C , we have \\p(g)x ~ xll < ^llxll ■ Let 

E = {me M I Vs G 2/', \a(g-\ m)'(s) - 1| < e 3 }. 

For m <E E, we have: 



(p(s)x)' 



e 3 if (1 + e 3 )s G /' 
< <( 2 if (1 + e 3 )s £ /' and s/(l + e 3 ) G /' 
if s/(l + e 3 ) £ /' 



Therefore, 



/ I {p(9)x) - x\ 2 d(p x A) 

JExI 

< elX(l') + 2 2 ((1 + e 3 ) - — L-) A(J') + < 9e 3 A(/'). 



(5.9) 
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If F is any subset of M with /i(F) < e 3 , then f FxI x 2 d(/i x A) < e 3 A(/'), because |x| < 1. 

Then we must also have f FxI {p(g)x) 2 d(/i x A) < e 3 A(/'), because p is unitary, g~ 1 (F x I) = 
(g^F) x J, and p is G-invariant. In particular, letting F = M \ E and using the triangle 
inequality, we obtain 

/ [p{g)x)-X 2 d{pxX)<Ae,X{F). (5.10) 

J(M\E)xI 

Combining (5.9) and (5.9) yields 

I\p(g)x-X\\ 2 < 9e 3 A(7') + 4e 3 A(/') = 13 e3 || X || 2 < {^WxllY ■ 
This completes the proof of the claim. 

Step 2. We obtain a contradiction. Let x' De the characteristic function of the G-invariant 
set 



X = 0^(0) n <^ (m,s) G M x a I 



\4>{m,t)\ 2 d\ m (t) < 5 



We have X m (X) ^ for a.e. m G M (see 5.7), so we may define a unit vector uj G L 2 (M x a I) 
by 

X'(m, s) 



u(m, s) 



A m (X)V2' 



We will show, for every g G C, that \\p(g)uo — uo\\ < 5i\\uj\\ (see Claim 2.2 below). Then the 
definition of 5± implies that uj is not orthogonal to T . Thus, there is some i/j G T, such that 
ip is not essentially on X. From (5.5), we conclude that is not essentially on X. Because 
X C _1 (O), this is a contradiction. 

Claim 2.2. For every g G C, we have \\p(g)uj — uj\\ < 5i\\uj\\. Let 

E = {m G M | Vs G 21', \a{g'\ m)'(s) - 1| < e 3 } n I m G M [ |0| 2 d\ m > 8 1 . 

By comparing the rightmost terms in the definitions of X and E, we see that X C\(E x I) c 
£ x Thus, from the left term in the definition of E, we see that \a(g~ x ,m)'(s) — 1| < e 3 
for every (m, s) G X fl (i? x 7). Therefore, for m 6 £, we have: 



(p(#V)(m,s) -u(m, s) 



< 



'e 3 /X m (X) 1/2 H(m,s)eX 
if (m, s) £ X 



Therefore, 



(p(g)uj) -uj d(p x A) < e 3 < e 2 . 



(5.11) 



If F is any subset of M with /i(-F) < 2e 2 , then J Fx/ w 2 d(pxX) < 2e 2 , because J uj 2 dX m = 1 
for every m G M . Then we must also have f FxI [p(g)uj) 2 d(p x A) < 2e 2 , because p is unitary, 
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g l (F x I) = (g 1 F) x J, and fx is G-invariant. In particular, letting F = M\E and using 
the triangle inequality, we obtain 

2 d(fi x A) < 8e 2 . (5.12) 

Combining (5.10) and (5.11) yields 

\\p(g)oo-u\\ 2 <e 2 + 8e 2 <5 2 l = (5 1 \\u\\) 2 . 
This completes the proof of the claim. It also completes the proof of Theorem 5.2. □ 

Remark 5.13. For a smooth manifold X and a point x G X, let DiffJ d (X; x) be the group of 
C 1 diffeomorphisms h of X, such that h(x) = x and Dh(x) = Id. It would be interesting 
to know whether Theorem 5.2 generalizes to the cocycles a: G x M — > Diffj d (X; rr), for 
dimX > I. 

It would also be interesting to know whether additional smoothness on the cocycle a 
yields additional smoothness on the function that implements the cohomology of a to a 
trivial cocycle. 
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6. Other versions of the main theorem 

The assumption that M is irreducible and ergodic is stronger than is necessary in Theo- 
rems 1.10 and 5.4. Namely, we may allow G to be a product of higher-rank normal subgroups 
whose ergodic components are irreducible (see 6.1). In particular, if no simple factor of G 
has real rank one, then there is no need for any ergodicity or irreducibility assumption on M 
(see 6.2). 

There are also analogous results in the more general situation where G is allowed to be a 
product of semisimple algebraic groups over local fields (see 6.5), or a lattice in such a group 
(see 6.3 and 6.9). Thus, Theorem 1.3 generalizes to the situation where T is an S'-arithmetic 
group (see 6.10 and 6.11). 

The results also generalize to the case where G has PSL(2,R) as a factor, but the 
conclusion must be weakened (see 6.13 and 6.14). 

Corollary 6.1. Let 

• G be a connected, semisimple, real Lie group, such that there is no continuous homo- 
morphism from G onto PSL(2, R); 

• M be a Borel G-space with invariant probability measure fi; 

• a: G x M — > Homeo(T) be a strict Borel cocycle; and 

• G ,Gi, . . . ,G r be connected, closed, normal subgroups of G, such that 



— G — GqG\ • • • G r , 
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— G is compact, 

— M-rank(Gi) > 2 for i > 0, 

— [Gi, Gj] = e for all i and j , and 

— for each i > 0, almost every ergodic component of the action of Gi on M is 
irreducible. 

Then there is a G -invariant probability measure v on M x a T, such that the projection of u 
to M is /i. 

Furthermore, if G has Kazhdan's property (T), and a(G x M) C Diff 1 (T), then v can be 
taken to be equivalent to /i x A. 

Proof. If G = Go, then G is compact, so we obtain a G-invariant measure v on M x a T 
simply by averaging over G. Thus, we may assume r > 0. Let 

• G* — GqGi ■ ■ ■ G>_i; 

• a* be the restriction of a to G* x M; 

• a r be the restriction of a to G r x M; and 

• .4 = j^: M — > Prob(T) | ip is a*-equivariant }. 

By induction on r, we may assume that there is a G*-invariant probability measure v* on 
M x a * T, such that the projection of v* to M is /i. Therefore, ^4 is nonempty. 

Let P be a minimal parabolic subgroup of G. The space of measurable functions from 
G r j (PnG r ) to A is an affine G>-space over G r j (PnG r ), so, because PnG r is amenable, there 
is a /9-equivariant Borel map $: G r /(PnG r ) -> ^4. Then, defining (G r /(PnG r )) x M -> 
Prob(T) by ^(rr, m) = $(x)(m), we see that ^ is a r -equivariant. 

For each m G M, define G/P — > Prob(T) by \l/ m ( a; ) = ^(x, m). By assumption, each 
ergodic component of the action of G r on M is irreducible. Thus, Theorem 4.3 implies that 
\I/ m is essentially constant, for a.e. m G M. Thus, * induces an essentially well-defined Borel 
map M — > Prob(T). By construction, ^ is both a*-equivariant and a r -equivariant, so ^ 
is a-equivariant. Therefore, v = f M (m x ^(m)) d/i(m) is a G-invariant measure on M x a T. 
By construction, it projects to \i on M. □ 

Corollary 6.2. Let 

• G fee a connected, semisimple, real Lie group, such that G has no factors of real rank one; 

• M be a Borel G-space with invariant probability measure ji; and 

• a : G x M — > Homeo(T) be a strict Borel cocycle. 

Then there is a G-invariant probability measure v on M x a T, such that the projection of v 
to M is ii. 

Furthermore, if a(G x M) C Diff 1 (T), then v can be taken to be equivalent to /i x A. 
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Corollary 6.3. Let 

• G be a connected, semisimple, real Lie group, such that 

- M-rankG > 2, and 

— there is no continuous homomorphisra from G onto PSL(2,M); 

• T be an irreducible lattice in G; 

• M be an irreducible ergodic Y -space with finite invariant measure /im! and 

• a: Y x M — > Homeo(T) be a Borel cocycle. 

Then there is a Y -invariant probability measure v on M x a T, such that the projection of v 
to M is /i. 

Furthermore, ifY has Kazhdan's property (T), and a(Y x M) C Diff 1 (T) ; then v can be 
taken to be equivalent to /i x A. 

Proof (a standard argument). Let a: G/Y — > G be a Borel section (i.e., o-(gY) G gY for 
every gY G G/Y), and define 7: G x G/Y — > Y by o~(gx) = ga{x) r y{g,x)^ 1 for g £ G and 
x G Cr/r. Then 7 is a Borel cocycle for the action of G on G/r. 

Let M = Indp(M) = (G/Y) x 7 M be the G-space induced from the T-space M. Then 
M is an irreducible, ergodic G-space. Define a Borel cocycle a: G x M — > Homeo(T) by 
(x,m)) = 01(7(2, x),m). 

From Theorem 1.10, we know that there is a G-invariant probability measure z> on M x & T, 
such that z> projects to p x on (G/Y) x M, where p is the G-invariant probability measure 
on G/Y . We may write v = j G ^ r v x dp(x), where v x G Prob(x x M x T). 

Fix a.e. g & G. The measure z> 9 r is fiTg~ ^invariant, and projects to ji on M. Define v by 
5f*(er x v) = v gV . □ 

Remark 6.4- For G as in Theorem 6.5, the definitions of irreducible lattice and irreducible 
action given in §1 (see 1.1 and 1.7) must be modified to refer to "non-discrete" normal 
subgroups instead of "connected" normal subgroups. 

Theorem 6.5. Let 

• S be a finite set of local fields (not necessarily of characteristic zero); 

• Gp be a connected, semisimple algebraic group over F , for each F G S; 

• G be a closed, cocompact, normal subgroup of Y\ F( z S Gp(F); 

• M be an irreducible ergodic G-space with finite invariant measure \i; and 

• a: G x M — > Homeo(T) be a strict Borel cocycle. 
Assume 



24 

a) J2 FeS F-rank(Gi?) > 2; and 

b) £/ie identity component G° has no continuous homomorphism onto PSL(2,R). 

Then there is a G -invariant probability measure v on M x a T, such that the projection of u 
to M is fi. 

Furthermore, if G has Kazhdan's property (T), and a(G x M) C Diff 1 (T) ; then v can be 
taken to be equivalent to /i x A. 

Remarks on the proof Most of the arguments of Sections 4 and 5 apply with only minor 
changes. 

As a replacement for the Moore Ergodicity Theorem 2.11, we note that the proof of [Ma, 
Thm. 7.2, p. 105] yields a version of this result that applies to the general groups G under 
consideration, in the special case where H contains a nontrivial split torus of G. This suffices 
for our purposes. 

When F is nonarchimedean, we use Lemma 6.8 below in place of Theorem 4.5. (The proof 
of this lemma relies on an argument of E. Ghys [Gh, pp. 219-220] that was not needed in 
§4 or §5.) The existence of a subgroup L satisfying the hypotheses of this lemma follows 
from Lemma 6.6 below. (Because SL(2, F) has no infinite, proper, normal subgroups [Ma, 
Cor. 2.3.2, p. 53], we know that C(SL(2, F)) C G.) □ 

Lemma 6.6 ([Ti, Prop. 3.1(13)]). Let 

• G be a semisimple algebraic group over a field F; 

• A be a maximal F -split torus ofG; and 

• a be an F-root of G (with respect to A), such that 2a is not an F-root. 
Then there is a nontrivial F -homomorphism (: SL(2, •) — > G, such that 

C (J i) G U Q (F), C (* J) G U-a(F), and ( ^ ^ G A(F), 
for allx e F and a G F \ {0}. 

We will use the following elementary observation in the proof of Lemma 6.8. 

Lemma 6.7. Let 

• F be a local field; 

• L = SL(2,F); 

• P be a proper parabolic subgroup of L; and 

• a,b,c be three distinct elements of L/P. 

// F / 1, then there exist y , . . . ,y n G T, such that y = b, y n = a, and (y^-i, yi,c) G 
L(a, b, c) for i — 1, . . . , n. 
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Proof. It is well known that there is an identification of L/P with FU{oo}, so that we have 
the standard action of L on F U {00} by linear-fractional transformations. Then, because 
GL(2, F) is triply transitive on FU {00} and normalizes L, we may assume a = 0, b = 1, and 
c = 00. Because F 7^ R, we may choose to, • • • ,t n <E F such that t = 1 and t% + • • • + — 0. 
Let yi = t§ H h t? . Then 

(yi-i,yi,c) = ^f//^ 1 ) C 3 ' 1 ' 00 ) G L ( a ' & ' c )' 
as desired. □ 



Lemma 6.8. Let G, M, and a oe as m Theorem 6.5, and let P = G H YIfgs where 
zs a minimal parabolic subgroup of Gp, for each F <E S. 

Suppose (G/P) x M Tk is an a-equivariant Borel map. For each m G M, define 
*' m :G^T k by*' m (g) = *(gP,m). 

Suppose F ^1, and L is a closed subgroup of G, such that 

• Cp(L) contains a nontrivial split torus of G; 

• L is the image of an F -morphism (: SL(2, ■) — > wt/j /imte kernel; and 

• ( _1 (LnP) zs a parabolic subgroup o/SL(2,F). 
ITien ^/^ is essentially right L-invariant, for a.e. m G M. 

Proof. Define X as in the proof of Theorem 4.5, and fix some (a, b, c) G X. It follows from 
Lemma 6.7 that there exist yo, ■ ■ ■ ,y n £ C/P, such that yo = b, y n = a, and (wj_i,Wj,c) G 
G(a, 6, c) for i = 1, . . . , n. 

Case i. Assume that k = 1, and that *f!' m (xi), fy' m (x2), and ^' m (xs) are distinct, for almost 
all m G M and (x 1 ,x 2 , x 3 ) G G(a, b, c). From the Moore Ergodicity Theorem, we know that 
G is ergodic on G(a, b, c) x M. Thus, for almost every m G M and g G G, we conclude that 

have the same orientation, for % — 1, . . . , n. Thus, by induction, we see that 
{V m {gy Q )^' m {g yi )^' m {gc)) and «M, < t ("&), V m {gc)) 
have the same orientation. In particular, by letting i = n, we see that 

(V' m (gb),*' m (ga),*' m (gc)) and (ttj^a), ^((?6), tt^c)) 
have the same orientation. This is a contradiction. 

Case 2. The general case. If is not essentially right L-invariant, then the argument of 
[Gh, pp. 219-220] shows that, after replacing \1/ with a different a-equivariant Borel function, 
we may assume, for almost every m G M and (x±, X2, £3) G G(a, b, c), that ty' m (xi) is disjoint 
from ty' m (x 2 ), and the sets ty' m (xi) and ^' m {x 2 ) alternate around the circle. 

Now, if three pairwise disjoint A;-element subsets Bi,B 2 ,B 3 of T are pairwise alternating 
around the circle, we say that (B 1 , B 2 , B 3 ) is positively oriented if there is a positively oriented 



26 



arc of the circle from a point of Bi to a point of B 2 that does not contain any point of B 3 
[Gh, bot. of p. 220]. This relation has the properties of a circular order, so we obtain a 
contradiction by applying the same argument as in Case 1. □ 

The proof of Corollary 6.3 yields the following as a corollary of Theorem 6.5. 

Corollary 6.9. Let 

• G be as in Theorem 6.5 (including assumptions (a) and (b)); 

• T be an irreducible lattice in G; 

• M be an irreducible ergodic T -space with finite invariant measure /i; and 

• a : T x M — > Homeo(T) be a strict Borel cocycle. 

Then there is a Y -invariant probability measure v on M x a T, such that the projection of v 
to M is ii. 

Furthermore, ifT has Kazhdan's property (T), and a(T x M) C Diff 1 (T) ; then v can be 
taken to be equivalent to /i x A. 

The following generalization of Theorems 1.3 and 1.9 is the special case of Corollary 6.9 
in which M is a single point. This result is essentially due to M. Burger and N. Monod 
[BM1, BM2, BM3], but a few isolated cases are not covered by their theorems. (On the 
other hand, some of their results apply in a more general setting where G need not be a 
product of algebraic groups, or Lie groups.) In the final conclusion of this corollary, we do 
not assume T has Kazhdan's property (T), because Thurston's Theorem 5.1 can be applied 
if T is finitely generated. Furthermore, this restriction to finitely generated lattices may be 
superfluous: we do not know an example of an irreducible lattice in such a group that is not 
finitely generated. 

Corollary 6.10. Let 

• G be as in Theorem 6.5 (including assumptions (a) and (b)); and 

• T be an irreducible lattice in G. 

Then every continuous action ofT onT has a finite orbit. 

Furthermore, ifT is finitely generated, then every homomorphism from T to Diff 1 (T) has 
finite image. 

Ghys' Theorems 1.3 and 1.9 are essentially the special case of the following corollary in 
which E is a number field and S consists only of the infinite places. (More generally, if E 
is a number field and ^2 s€Sca -E s -rank(G) > 2, then Conclusion (b) of this corollary is a 
consequence of Ghys' Theorem. Namely, Theorem 1.3 applies to the subgroup G(0) of T, 
and then the Margulis Finiteness Theorem [Ma, Thm. IV.4.10, p. 167] implies that the image 
of T is finite.) Note that Assumption (a) implies T is finitely generated [Ma, Thm. 111.5.7(c), 
p. 131], [Be, Thm. la]. 
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Corollary 6.11. Let 

• E be a global field; 

• S be a nonempty, finite set of places of E, including all of the infinite places; 

• G be a connected, almost simple algebraic group over E; 

• O(S) be the ring of S -integers in E; and 

• T be a finite-index subgroup of G[0(S)) . 
Assume 

a) ^2 S&S £' s -rank(G) > 2; and 

b) for each archimedean s e S, there is no continuous homomorphism from G(E S )° onto 
PSL(2,R). 

Then 

a) every continuous action ofT on T has a finite orbit; and 

b) every homomorphism from Y to Diff^T) has finite image. 

The following theorem is the main result of [Gh, §7], although it was not stated explicitly. 

Theorem 6.12 (Ghys [Gh, §7]). Let 

• G be a connected Lie group that is locally isomorphic to SL(2,R)™ ; for some n > 0; 

• T be a countable group; 

• 0: T — > Homeo + (T) and l: Y — > G be homomorphisms; 

• P be a parabolic subgroup of G; and 

• ^ : G/P — > T k be a Y-equivariant Borel map, for some k > 1. 

If l(Y) is ergodic on G/H, for every closed, noncompact subgroup H of G, then either (f)(Y) 
has a finite orbit, or there is a semiconjugacy as described in Corollary 6.13(2) below. 

Although Theorem 6.12 assumes that G is connected, an examination of the proof shows 
that if G is a real algebraic group, then it holds under the weaker assumption that G is Zariski 
connected. This yields the following generalization of Corollary 6.10 that allows PSL(2,R) 
as a factor of G. This generalization was proved by E. Ghys [Gh, Thm. 1.2] for S C {R, C}. 
To justify the stronger conclusion when <f>(T) C Diff 2 (T), see [Gh, Prop. 10.2]. 



Corollary 6.13. Let 
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• G be as in Theorem 6.5, except that we do not assume (b) (although we do assume (a)); 

• T be an irreducible lattice in G; and 

• 0: T — > Homeo + (T) be a homomorphism. 
Then either 

1) 0(r) has a finite orbit; or 

2) the restriction of (p to T is semiconjugate to a finite cover of the composition of the 
following: 

a) the inclusion ofT into G; 

b) a continuous surjection G — > PSL(2, M); and 

c) the standard action o/PSL(2, M) on T by linear-fractional transformations. 

Furthermore, if <j>(T) C Diff 2 (T), then any semiconjugacy as in (2) above is actually a 
topological conjugacy. 

For completeness, we state the following generalization of Theorem 6.5. Its proof is com- 
pleted by translating [Gh, §7] in a straightforward way from the setting of homomorphisms 
of lattices to the setting of Borel cocycles for ergodic G-actions. 

Corollary 6.14. Let G, M, /i, and a be as in Theorem 6.5, except that we do not assume (b) 
(although we do assume (a)). Assume a(g,m) is orientation preserving, for all g e G and 
meM(cf. 4.2). 

Then there is a probability measure v on M x a T, such that the projection of u to M is fi, 
and either 

1) v is G-invariant; or 

2) there exist 

a) a continuous surjection r: G — > PSL(2,M); and 

b) a G-equivariant, measure-preserving function 

/: (M x Q l» -> (M x T T,/i x Leb); 
such that f is of the form f(m, t) = (m, f m (t)) , where, for a.e. m G M , 

• f m : T — > T is continuous, and 

• any continuous lift f m : R — > K. is increasing. 
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